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Abstract
Using a theorem proved by Bekka and Driutti, we show that if f is
a freely generated nilpotent Lie algebra of step-two, then almost every
irreducible representation of the corresponding Lie group restricted to
some lattice Γ is an irreducible representation of Γ if the dimension of
the Lie algebra is odd. However, if the dimension of the Lie algebra is
even, then almost every unitary irreducible representation of the Lie
group restricted to Γ is reducible.
1 Introduction
As Gabor theory continues to surge in popularity, it is increasingly drawing
a lot of attention to the representation theory of nilpotent groups. This un-
usual connection is easily discovered through Fourier analysis. In fact, the
conjugation of a translation operator by the Plancherel transform defined on
L2(R) is a modulation operator. The group generated by the continuous fam-
ily of translation and modulation operators is called the reduced Heisenberg
group. Its universal covering group is a simply connected, connected nilpo-
tent Lie group with Lie algebra spanned by X1, X2, X3 with non trivial Lie
brackets [X3, X2] = X1. In fact the Heisenberg Lie algebra is a free nilpotent
Lie algebra of step-two and two generators. The set of infinite dimensional
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unitary irreducible representations of the Heisenberg group up to equivalence
is parametrized by the punctured line R∗ (Chapter 7, [3]). For each element
in the punctured line, the corresponding unitary irreducible representation
is a Schro¨dinger representation which plays a central role in Gabor theory.
Let piλ be a Schro¨dinger representation. This representation acts on L
2 (R)
as follows
piλ (exp x3X3)F (t) = F (t− x3)
piλ (exp x2X2)F (t) = e
−2piiλtx2F (t)
piλ (exp x1X1)F (t) = e
2piiλx1F (t) .
Thus, the family of functions piλ (exp (ZX2) exp (ZX3))F is a Gabor sys-
tem (see [4]). Now, if |λ| ≤ 1, then there exists a function F such that
the countable family of vectors piλ (exp (ZX2) exp (ZX3))F is a complete set
in L2 (R) and forms what is called a Gabor wavelet system (see [4]). In
fact, the construction of Gabor wavelets is a very active area of research
(see [4] [5]). We remark that although the restriction of piλ to the discrete
group exp (ZX1) exp (ZX2) exp (ZX2) is a cyclic representation if |λ| ≤ 1,
it is clearly highly reducible. In contrast to the Heisenberg Lie algebra,
let us consider the free nilpotent Lie algebra of step-two with three gen-
erators: X1, X2, X3, whose Lie algebra is spanned by X1, X2, X3, Z1, Z2, Z3
such that the only non-trivial Lie brackets are [X1, X2] = Z1, [X1, X3] =
Z2, [X2, X3] = Z3. Let µ be the Lebesgue measure on the dual of R-span
{X1, X2, X3, Z1, Z2, Z3} . Let us consider an arbitrary infinite dimensional
irreducible representation piλ corresponding to a linear functional λ via Kir-
illov’s map (see [2].) The restriction of piλ to the discrete group
Γ = exp (ZZ1) exp (ZZ2) exp (ZZ3) exp (ZX1) exp (ZX2) exp (ZX3)
is also irreducible for µ-a.e. λ in the dual of the Lie algebra. This surprising
fact is easily explained. In fact, using the orbit method (see [2]), and some
formal calculations, it is not hard to see that almost every infinite dimensional
irreducible representation of the group is parametrized by the manifold
Λ =
{
(λ1, λ2, λ3, λ4) ∈ R
4 : λ3 6= 0
}
.
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For each (λ1, λ2, λ3, λ4) ∈ Λ, the corresponding irreducible representation is
realized as acting in L2(R) as follows
pi(λ1,λ2,λ3,λ4) (exp x3X3)F (t) = e
−2piitx3λ3F (t)
pi(λ1,λ2,λ3,λ4) (exp x2X2)F (t) = F (t− x2)
pi(λ1,λ2,λ3,λ4) (exp x1X1)F (t) = e
2piix1λ4e2piitx1λ1e
−2pii
x
2
1λ2λ1
λ3 F
(
t−
λ2
λ3
x1
)
pi(λ1,λ2,λ3,λ4) (exp zkZk)F (t) = e
2piizkλkF (t) .
Based on the action of the irreducible representation described above, it is
clear that in fact piλ|Γ is irreducible a.e. Before we introduce the general
case considered in this paper, we recall a theorem which is due to Bekka and
Driutti [1].
Theorem 1 Let N be a nilpotent Lie group with rational structure. Let Γ be
a lattice subgroup of N. Let λ ∈ n∗ and piλ its corresponding representation.
Then the representation piλ|Γ which is the restriction of piλ to Γ is irreducible
if and only if the null-space of the matrix [λ [Xi, Xj]]1≤i,j,n with respect to
a fixed Jordan Ho¨lder basis of the Lie algebra is not contained in a proper
rational ideal of n.
Bekka and Driutti have also provided a rather simple algorithm to deter-
mine whether a sub-algebra of n is contained in a rational ideal of n or not
(Proposition 1.1. [1]).
1. Let h be a sub-algebra of n. Fix a Jordan Ho¨lder basis {X1, · · ·Xn} for
n passing through [n, n]
2. If there exists X ∈ h such that X =
n∑
i=1
xiXi and if
dimQ
(
xdim[n,n]+1, · · · , xn
)
= n− dim [n, n]
then h is not contained in a proper rational ideal of n
3. Otherwise, h is contained in a proper rational ideal of n
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Coming back to the example of the Heisenberg group which was discussed
earlier, we observe that for each linear functional λ ∈ R∗ satisfying λ (X1) 6=
0, the nullspace of the matrix
 0 0 00 0 λ (X1)
0 −λ (X1) 0


with respect to the ordered basis {X1, X2, X3} is the center of the Lie algebra
which is a rational ideal itself. Thus according to Theorem [1], the restriction
of every Schro¨dinger representation to the lattice exp (ZX1) exp (ZX2) exp (ZX2)
is always reducible.
Using the theorem and algorithm above, we are able to show the follow-
ing. Let fm,2 be the free nilpotent Lie algebra of step-two on m generators
(m > 1) . Let Γ be a lattice subgroup of fm,2 and let µ be the canonical
Lebesgue measure on f∗m,2. Then
Theorem 2 If m is odd then for λ ∈ n∗, piλ|Γ is irreducible µ-a.e.
Theorem 3 If m is even then for λ ∈ n∗, piλ|Γ is reducible µ-a.e.
This paper is organized as follows. In the second section of the paper, we
introduce some basic facts about free nilpotent Lie algebras of step-two. In
the third section of the paper, we prove Theorem 2, and in the last section,
we prove Theorem 3.
1.1 Preliminaries
Let n be a nilpotent Lie algebra of dimension n over R with corresponding
Lie group N = exp n. We assume that N is simply connected and connected.
It is well-known that if we write
n1 = [n, n]
...
nk =
[
n, nk−1
]
...
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then there exists s ∈ N such that ns = {0} . Let v be a subset of n and let
λ be a linear functional in n∗. We define the corresponding sets vλ and v (λ)
such that
vλ = {Z ∈ n : λ [Z,X ] = 0 for every X ∈ v}
and v (λ) = vλ ∩ v. z denotes the center of the Lie algebra of n, and the
coadjoint action on the dual of n is simply the dual of the adjoint action of
N on n. Given X ∈ n, λ ∈ n∗, the coadjoint action is defined multiplicatively
as follows:
expX · λ (Y ) = λ (Adexp−XY ) .
We fix a Jordan Ho¨lder basis {Xi}
n
i=1 for n. Given any linear functional
λ ∈ n∗, we construct the following skew-symmetric matrix:
M (λ) = [λ [Xi, Xj]]1≤i,j,n . (1)
It is easy to see that n (λ) = nullspace (M (λ)) with respect to the fixed
Jordan Ho¨lder basis, and that the center of the Lie algebra is always con-
tained inside the vector space n (λ) . It is also well-known that all coadjoint
orbits have a natural symplectic smooth structure, and therefore are even-
dimensional manifolds. Also, thanks to Kirillov’s theory, it is well-known that
for each λ ∈ n∗, there is a corresponding analytic subgroup Pλ = exp (p(λ))
such that p(λ) is a maximal sub-algebra of n which is self orthogonal with
respect to the bilinear form
(X, Y ) 7→ λ [X, Y ] .
There is also a character χλ of Pλ such that the pair (Pλ, χλ) determines
up to unitary equivalence a unique irreducible representation of N. More
precisely, if χλ (expX) = e
2piiλ(X) defines a character on Pλ then the unitary
representation of N
piλ = Ind
N
Pλ
(χλ)
is irreducible. This construction exhausts the set of all unitary irreducible
representations of N.We refer the interested reader to [2] which is a standard
reference for this class of Lie groups. Now, we will recall some basic facts
about nilpotent Lie groups which are also found in [2]
1. n has a rational structure if and only if there is an R-basis B for n
having rational structure constants and if nQ = Q -span (B) then
n ∼= nQ ⊗Q.
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2. If N has a uniform subgroup Γ then n has a rational structure such
that nQ = Q -span (log (Γ))
3. If n has a rational structure then N has a uniform subgroup Γ such
that log (Γ) ⊆ nQ
2 Free Nilpotent Lie Algebras of Step Two
and Examples
Let fm,2 be the free nilpotent Lie algebra of step two onm generators (m > 1).
Let Z1, · · · , Zm be the generators of fm,2. Then
fm,2 = z⊕ R-span {Z1, · · · , Zm}
such that z = R-span {Zik : 1 ≤ i ≤ m, i < k ≤ m} . The Lie brackets of
this Lie algebra are described as follows.
[Zi, Zj] = Zij for (1 ≤ i ≤ m and i < j ≤ m)
It is then easy too see that dim (z) = m(m−1)
2
. Also, it is convenient to relabel
the basis elements of the Lie algebra as follows:

X1 = Z12 Xm(m−1)
2
+1
= Z1
X2 = Z13
...
... Xn−1 = Zm−1
Xm(m−1)
2
= Zm−1m Xn = Zm


Clearly, {X1, X2, · · · , Xn−1, Xn} is a Jordan Ho¨lder basis through z = [fm,2, fm,2]
which is fixed from now on. We remark that since fm,2 has a rational struc-
ture, then its admits a lattice subgroup which we will denote throughout this
paper by Γ.
Example 4 Let us suppose that m = 5. We write λij = λ [Zi, Zj] for i < j
and λ ∈ f∗5,2. Put
Ω =
{
f ∈ f∗5,2 : f14f23 − f13f24 + f12f34 6= 0
}
.
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With some formal calculations, we obtain for λ ∈ Ω, that
fm,2 (λ) = z⊕ R (α1 (λ)Z1 + α2 (λ)Z2 + α3 (λ)Z3 + α4 (λ)Z4 + Z5)
where
αk (λ) =


λ25λ34 − λ24λ35 + λ23λ45
λ14λ23 − λ13λ24 + λ12λ34
if k = 1
−λ15λ34 − λ14λ35 + λ13λ45
λ14λ23 − λ13λ24 + λ12λ34
if k = 2
λ15λ24 − λ14λ25 + λ12λ45
λ14λ23 − λ13λ24 + λ12λ34
if k = 3
−λ15λ23 + λ13λ25 + λ12λ35
λ14λ23 − λ13λ24 + λ12λ34
if k = 4
.
Clearly dimQ (α1 (λ) , α2 (λ) , α3 (λ) , α4 (λ) , 1) = 5 almost everywhere. Thus,
piλ|Γ is almost everywhere irreducible.
3 Proof of Theorem 2
Suppose that m is odd. For any linear functional λ ∈ f∗m,2, we consider the
corresponding skew-symmetric matrix
M (λ) =
[
0m(m−1)
2
×
m(m−1)
2
0m(m−1)
2
×m
0
m×
m(m−1)
2
[λ [Zi, Zj]]1≤i,j,m
]
. (2)
Since m is odd then m = 2k + 1 for some positive integer k greater than or
equal to one. If [λ [Zi, Zj]]
T
1≤i,j,m denotes the transpose of [λ [Zi, Zj]]1≤i,j,m ,
it is easy to see that the null-space of M (λ) is equal to
z⊕ nullspace
(
[λ [Zi, Zj]]1≤i,j,m
)
= z⊕ nullspace
(
[λ [Zi, Zj]]
T
1≤i,j,m
)
since [λ [Zi, Zj]]1≤i,j,m is a skew-symmetric matrix. Now, let
α =

 α1...
α2k

 , and β =

 β1...
β2k

 ∈ R2k.
Also, let 〈·, ·〉 be the standard inner product defined on R2k.
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Lemma 5 If M is a skew-symmetric matrix in GL (2k,R) and if Mα = β
then 〈α, β〉 = 0
Proof. Suppose that Mα = β. Then
Mα = β ⇒ 〈α, β〉 =
〈
α,MM−1β
〉
=
〈
MTα,Mβ
〉
=
〈
−Mα,M−1β
〉
= 〈−β, α〉
= −〈α, β〉 .
We conclude that 〈α, β〉 = 0.
Let us define the following vector-valued functions on f∗m,2:
λ 7→ α (λ) =

 α1 (λ)...
α2k (λ)

 and γ 7→ γ (λ) = [ α (λ)
1
]
.
Lemma 6 For almost every linear functional λ, there exists some γ (λ) ∈
R2k+1 such that
nullspace (M (λ)) = z⊕ R
(
γT (λ)Z
)
where ZT =
[
Z1, · · · , Z2k+1
]
.
Proof. We consider the equation
[λ [Zi, Zj]]
T
1≤i,j,m (γ) = 0 (3)
where
γ =
[
α
1
]
∈ R2k+1 is unknown.
Equation (3) is equivalent to the following system of m equations and m− 1
unknowns

α1λ [Z1, Z1] + α2λ [Z2, Z1] + · · ·+ α2kλ [Z2k, Z1] + λ [Z2k+1, Z1] = 0
α1λ [Z1, Z2] + α2λ [Z2, Z2] + · · ·+ α2kλ [Z2k, Z2] + λ [Z2k+1, Z2] = 0
...
α1λ [Z1, Z2k] + α2λ [Z2, Z2k] + · · ·+ α2kλ [Z2k, Z2k] + λ [Z2k+1, Z2k] = 0
α1λ [Z1, Z2k+1] + α2λ [Z2, Z2k+1] + · · ·+ α2kλ [Z2k, Z2k+1] + λ [Z2k+1, Z2k+1] = 0
.
(4)
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We define a matrix-valued function λ 7→M (λ) on f∗m,2 such that
M (λ) = [λ [Zi, Zj]]
T
1≤i,j,m =


λ [Z1, Z1] λ [Z2, Z1] · · · λ [Z2k, Z1]
λ [Z1, Z2] λ [Z2, Z2] · · · λ [Z2k, Z2]
...
...
. . .
...
λ [Z1, Z2k] λ [Z2, Z2k] · · · λ [Z2k, Z2k]

 and
β (λ) =


−λ [Z2k+1, Z1]
−λ [Z2k+1, Z2]
...
−λ [Z2k+1, Z2k]

 .
Let Ω =
{
λ ∈ f∗m,2 : detM (λ) 6= 0
}
. Ω is a Zariski open subset of f∗m,2 since
detM (λ) is a non-trivial homogeneous polynomial defined over f∗m,2. There-
fore Ω is a dense and open subset of f∗m,2. Now, let λ ∈ Ω. Although Equation
(4) is equivalent to solving the system of equations{
M (λ)α = β (λ)
〈α, β (λ)〉 = 0
,
according to Lemma 5, if M (λ)α = β (λ) then
〈α, β (λ)〉 = 0. (5)
The point here is that, in order to find a complete solution to Equation
(4), we only need to solve M (λ)α = β (λ) for α. Let α be a solution to
the equation. Since M (λ) in non-singular, then α = α (λ) = M (λ)−1 β (λ)
and it follows that nullspace (M (λ)) = z⊕R
(
γT (λ)Z
)
. This completes the
proof.
Now, let
Ω1 =
2k⋂
j=1
{
λ ∈ f∗m,2 : λ [Z2k+1, Zj] 6= 0
}
.
We observe that since Ω1 is Zariski open in f
∗
m,2, it is a dense subset of f
∗
m,2.
Lemma 7 For every linear functional λ ∈ Ω ∩ Ω1,
fm,2 (λ) = z⊕ R (α1 (λ)Z1 + α2 (λ)Z2 + · · ·+ α2k (λ)Z2k + Z2k+1)
and each function λ 7→ αj (λ) is a non-vanishing rational function for all
1 ≤ j ≤ 2k.
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Proof. First, we notice that λ 7→ β (λ) is a non-zero vector-valued func-
tion on Ω ∩ Ω1. Let B = {b1, · · · , b2k} be the canonical column basis for
R2k. Then the coordinates of β (λ) : 〈β (λ) , bj〉 are non-zero monomials in
R
[
λ
(
Z(2k+1)1
)
, · · · , λ
(
Z(2k+1)2k
)]
. Since β (λ) , α (λ) are orthogonal vectors
(see (5)), then there exists some rotation matrix θ (λ) in the orthogonal Lie
group O(2k,R) such that
α (λ) =
∥∥M (λ)−1 β (λ)∥∥
‖β (λ)‖
θ (λ)β (λ) . (6)
If θ (λ)−1 bk = bl ∈ B then
〈α (λ) , bk〉 =
〈∥∥M (λ)−1 β (λ)∥∥
‖β (λ)‖
θ (λ)β (λ) , bk
〉
=
∥∥M (λ)−1 β (λ)∥∥
‖β (λ)‖
〈β (λ) , bl〉
6= 0 for all λ ∈ Ω ∩ Ω1.
We conclude that for any 1 ≤ j ≤ m, αj (λ) is a non-zero rational function of
λ. Moreover, for any λ ∈ Ω ∩ Ω1, fm,2 (λ) = nullspace (M (λ)) which is equal
to z⊕ R (α1 (λ)Z1 + α2 (λ)Z2 + · · ·+ α2k (λ)Z2k + Z2k+1) .
Proof of Theorem 2. Let λ ∈ Ω ∩ Ω1 (a Zariski open and dense subset)
and define X ∈ f2k+1,2 (λ) such that
X = X1 + · · ·+Xm(m−1)
2
+ α1 (λ)Z1 + α2 (λ)Z2 + · · ·+ α2k (λ)Z2k + Z2k+1.
Clearly for every λ ∈ Ω ∩ Ω1,
dimQ (α1 (λ) , α2 (λ) , · · · , α2k (λ) , 1) = 2k + 1.
So, the vector space fm,2 (λ) is not contained in a proper rational ideal of fm,2
for all λ ∈ Ω ∩ Ω1. Appealing to Theorem 1, the corresponding irreducible
representation piλ restricted to Γ is an irreducible representation of Γ for
all λ ∈ Ω ∩ Ω1.
Remark 8 If λ ∈ Ω ∩ Λ such that
Λ =
2k⋂
j=1
{
λ ∈ f∗m,2 : [Z2k+1, Zj] ∈ ker λ
}
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then λ 7→ β (λ) is the zero function defined on Ω ∩ Λ and clearly,
fm,2 (λ) = nullspace (M (λ)) = z⊕ R (Z2k+1)
which is contained in a rational ideal of fm,2. Therefore, each unitary irre-
ducible representation piλ of exp (fm,2) restricted to Γ is a reducible represen-
tation of Γ for all λ ∈ Ω ∩ Λ (meager subset of f∗m,2).
4 Proof of Theorem 3
Suppose that m is even. This case is much easier than the odd case. The
proof will be very short. Since m is even, then m = 2k for some positive
integer k greater than or equal to one. Thus the null-space of M (λ) is equal
to
z⊕ nullspace
(
[λ [Zi, Zj]]
T
1≤i,j,m
)
.
Let λ be an element of f∗m,2. We consider the matrix equation
M (λ) = [λ [Zi, Zj]]
T
1≤i,j,m
q︷ ︸︸ ︷

λ [Z1, Z1] λ [Z2, Z1] · · · λ [Z2k, Z1]
λ [Z1, Z2] λ [Z2, Z2] · · · λ [Z2k, Z2]
...
...
. . .
...
λ [Z1, Z2k] λ [Z2, Z2k] · · · λ [Z2k, Z2k]


α ∈ R2k
q︷ ︸︸ ︷

α1
α2
...
α2k

 =


0
0
...
0


which we want to solve for α. Put Ω =
{
λ ∈ f∗m,2 : detM (λ) 6= 0
}
. For every
λ ∈M (λ) , we observe that M (λ) is a skew-symmetric matrix of even rank.
Therefore Ω is a Zariski open subset of f∗n,2 and is dense and open in f
∗
n,2.
Moreover, solving the given matrix equation above, we obtain that α = 0.
As a result, for any λ ∈ Ω, fm,2 (λ) = z. So, in summary, if the dimension of
the Lie algebra fm,2 is even then fm,2 (λ) is contained inside a rational ideal of
fm,2 almost everywhere. As a result, almost every irreducible representation
piλ of fm,2 restricted to Γ is a reducible representation of Γ.
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